ALMOST a-COSYMPLECTIC (k, /i, i/)-SPACES 

HAKAN OZTURK, NESIP AKTAN AND CENGIZHAN MURATHAN 

Abstract. Main interest of the present paper is to investigate the almost a- 
cosymplectic manifolds for which the characteristic vector field of the almost 
a-cosymplectic structure satisfies a specific (K,/i, i^)-nullity condition. This 
condition is invariant under D-homothetic deformation of the almost cosym- 
plectic (k, II, i/)-spaces in all dimensions. Also, we prove that for dimensions 
greater than three, k, fi, v are not necessary constant smooth functions such 
\| that df A r] = 0. Then the existence of the three-dimensional case of almost 

cosymplectic {k, fi,u)-spaces are studied. Finally, we construct an appropriate 
example of such manifolds. 
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1. Introduction 



It is well known that there exist contact metric manifolds (M^"+^, 0,^,77,5), for 

which the curvature tensor R and the direction of the characteristic vector field 

^ satisfy R{X,Y)^ = 0, for any vector fields on M^"+^. Using a ZJ-homothetic 

deformation to a contact metric manifold with R{X, Y)(_ = we get a contact 

[^ ' metric manifold satisfying the following special condition 

^ ; (1.1) R{X, r)e = v{Y){kI + pih)X - t]{X){kI + fih)Y, 

^^ ' where K,fi are constants and h is the self-adjoint (l,l)-tensor field. This condi- 

tion is called {k, fi)-mil\ity on M^"+^. Contact metric manifolds with (k, /i)- nullity 
f^ ' condition studied for k, /i =const. in ([15], [16]). 

^D . In [15] , the author introduced contact metric manifold whose characteristic vec- 

tor field belongs to the (k, /i)-nullity condition and proved that non-Sasakian con- 
tact metric manifold is completely determined locally by its dimension for the con- 
stant values of k and /x. 

Koufogiorgos and Tsichlias found a new class of 3-dimensional contact metric 
C^ ' manifolds that k and /x are non-constant smooth functions. They generialized 

{k, /x)-contact metric manifolds (M^""*"^, (f>, ^, 77, g) for dimensions greater than three 
on non-Sasakian manifolds, where the functions K,/i are constant. 

Following these works, P.Dacko and Z.Olszak extensively have studied almost 
cosymplectic {k, fi, v) manifolds. These almost cosymplectic manifolds whose al- 
most cosymplectic structures (0, ^, r/, g) satisfy the condition 

(1.2) R{X, Y)^ = 'n{Y){Kl + ^h + v4)h)X - 'n{X){Kl + ^h + i^(j)h)Y, 

for K,ii,v G 7?.^(M^"+^), where 7?.^(Af^"+^) be the subring of the ring of smooth 
functions / on Af^"+^ for which d/ A 77 = 0. In the sequel, such manifolds are called 
almost cosymplectic (k, /i, i/)-spaces ( 17J). The condition (jl.2p is invariant with 
respect to the D-homothetic deformations of those structures. The authors showed 
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that the integral submanifolds of the distribution V of such manifolds were locally 
flat Kaehlerian manifolds and found a new characterization which was established 
up to a Z?-homothetic deformation of the almost cosymplectic manifolds. In |11) . 
a complete local description of almost cosymplectic (— 1, /x, 0)-spaces via "model 
spaces" is given, depending on the function /^. When /i is constant, the models are 
Lie groups with a left-invariant almost cosymplectic structure. 

Moreover, Pastore and Dileo are studied the curvature properties of almost Ken- 
motsu manifolds, with special attention to (k, /i)-nullity condition for k, /i =const. 
and V = Q (see [13], [H]). In [13] the authors prove that an almost Kenmotsu 
manifold M^"+^ is locally a warped product of an almost Kaehler manifold and 
an open interval. If additionally M^"+^ is locally symmetric then it is locally iso- 
metric to the hyperbolic space H^^^^ of constant sectional curvature c = — 1. It 
is recall that model spaces for almost cosymplectic case were given in ([E]). But 
we did not know any example of an almost a-Kenmotsu manifold satisfying (II. 2p 
with non-constant smooth functions. The following question sounds that especially 
interesting. Do there exist almost a-cosymplectic manifolds satisfying (|1.2p with 
K, /^ non-constant smooth functions? In this paper, we will try to give an answer 
to this question for dimension 3. 

The existence and invariance of the condition (jl.21) have been our motivation in 
studying almost a-cosymplectic manifold. 

Section 2 is devoted to preliminaries on almost contact metric structures. In 
section 3 we give the concept of almost a-cosymplectic manifolds, state general cur- 
vature properties and derive several important formulas on almost a-cosymplectic 
manifolds. These formulas enable us to find the geometrical properties of almost 
a-cosymplectic manifolds with //-parallel tensor h. In section 4 we study almost a- 
cosymplectic manifolds with ?7-parallel tensor field h under some certain conditions 
and prove that the integral submanifolds of the distribution V have Kaehlerian 
structures if h is ?7-parallel. In section 5 we introduce the notion of almost a- 
cosymplectic (ac, /i, z^)-spaces in terms of a specific curvature condition. We give a 
characterization of a Z?-homothetic deformation of the almost cosymplectic (k, /i, v)- 
spaces. We prove that for dimensions greater than three, k, /i, v are not necessary 
constant smooth functions. Also, we will prove why the functions k, /i and v are 
element of 7e^(M2"+i). 

Finally, in section 6 we investigate the existence of the three-dimensional case 
of almost cosymplectic (k, /i, i/)-spaces. Then we give an example and describe the 
three-dimensional case. 

2. Almost a-cosYMPLECTic manifolds 

An almost contact manifold is an odd-dimensional manifold M^"+^ which carries 
a field 4) of endomorphisms of the tangent spaces, a vector field ^, called character- 
istic or Reeb vector field , and a 1-form rj satisfying — — / + 77 Cg) ^ and !]{£,) — 1, 
where / : rM^"+^ — > TM'^'^'-'^^ is the identity mapping. From the definition it 
follows also that 0^ = 0, t? o = and that the (1, l)-tensor field (f> has constant 
rank 2n (see [4]). An almost contact manifold (Af ^"+^, </>, ^, rj) is said to be normal 
when the tensor field N = [0, 0] -|- 2d-q ® ^ vanishes identically, [</), 0] denoting the 
Nijenhuis tensor of </>. It is known that any almost contact manifold (M^^^^, 0, ^, rj) 
admits a Riemannian metric g such that 

(2.1) g{4X,cl,Y)^g{X,Y)-f^{X)f^{Y), 
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for any vector fields X,Y on Af^"+^. This metric g is called a compatible metric 
and the manifold M^""""^ together with the structure (M^""*"^, 0,^,77,5) is called an 
almost contact metric manifold. As an immediate consequence of (j2.ip . one has 
ij = c,(.,^). The 2-form $ of Af^n+i defined by $(X,r) = g(0X,y), is called the 
fundamental 2-form of the almost contact metric manifold Af^"+^. Almost contact 
metric manifolds such that both 77 and $ are closed are called almost cosymplectic 
manifolds and almost contact metric manifolds such that drj = and d^ = 2?/ A $ 
are almost Kcnmotsu manifolds. Finally, a normal almost cosymplectic manifold is 
called a cosymplectic manifold and a normal almost Kenmotsu manifolds is called 
Kenmotsu manifold. 

An almost contact metric manifold A/^"+^ is said to be almost a-Kenmotsu 
if dr; = and d^ — 2ai] A $, a being a non-zero real constant. Geometrical 
properties and examples of almost a-Kenmotsu manifolds are studied in [1], [5], 
[B] and [7]. Given an almost Kenmotsu metric structure (0,^,77,5), consider the 
deformed structure 

11' = -V, C = "^, <f>' = <P, 5' = -^9, a 7^ 0, a e R, 

where a is a non-zero real constant. So we get an almost a-Kenmotsu structure 
((/)', ^', 77', g'). This deformation is called a homothetic deformation (see [1], [7]). It 
is important to note that almost a-Kenmotsu structures are related to some special 
local conformal deformations of almost cosymplectic structures, (see [S]). 

If we join these two classes, we obtain a new notion of an almost a-cosymplectic 
manifold, which is defined by the following formula 

d-q = 0, (i<I> = 2q!77 A $, 

for any real number a, (see [T]). Obviously, a normal almost a-cosymplectic man- 
ifold is an a-cosymplectic manifold. An a-cosymplectic manifold is either cosym- 
plectic under the condition a = or a-Kenmotsu (a 7^ 0) for a G M. 

We denote by V the distribution orthogonal to ^, that is 
V = ker(?7) = {X : rj{X) = 0} and let Af^"+^ be an almost a-cosymplectic man- 
ifold with structure {(f>,^,ri, g). Since the 1-form is closed, we have C^rj = and 
[X, ^] e 2? for any X £ V. The Levi-Civita connection satisfies V^^ = and 
V^0 S V, which implies that \7^X G V for any X € V. 

Now, we set A = -V^ and h ^ \C(^(j>. Obviously, A{S,) = and h{S,) = 0. More- 
over, the tensor fields A and h are symmetric operators and satisfy the following 
relations 

(2.2) VxS, = ~a(l?X - (jyhX, 

(2.3) {(l)oh)X + {ho(t))X^O, {(t)o A)X + {Ao(l))X = -2a(t), 

(2.4) (Vxr?)y = a[g[X,Y)-T^{X)T^{Y)]+g{cj)Y,hX), 

(2.5) 5ri = -2an, tr{h) = 0, 

for any vector fields X, Y on A'f^"+^. We also remark that 

(2.6) h = Q^V^ = -acj)^. 
From ( 1 , Lemma 2.2), we have 

(2.7) (Vx0)y + iy4>x^W = ~a7^iY)(bX ~ 2ag{X, 4>Y)i - r,{Y)hX, 
for any vector fields X, Y on M^"+^. 
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Olszak proved that the integral submanifold of the distribution P on an almost 
cosymplectic manifold has Kaehlerian structures if and only if it satisfies the fol- 
lowing condition 

{^x<jy)Y = -9{(I>AX, Y)i + ii{Y)cj)AX, 
where A is defined hy A — (j)h. Analogously, we give the following proposition. 

Proposition 1. Let M^"'*'^ be an almost a- cosymplectic m.anifold. The integral 
submanifold of the distribution V on an almost a- cosymplectic manifold has Kaehle- 
rian structures if and only if it satisfies the condition 

(2.8) {Vxc^)Y = -g{(l>AX,Y)£,+7^{Y)c^AX, 

where A is given hy A — acj) + (j)h, for any vector fields X, Y on Af^"+^. 

Let (M^"+^, 0,^,77, g) be an almost a-cosymplectic manifold. We denote the 
curvature tensor and Ricci tensor of g by i? and 5* respectively. We define a self 
adjoint operator I = i?(.,^)^ (The Jacobi operator with respect to ^). By simple 
computations, we have the following equations 

(2.9) R{X,Y)( = a^[T]{X)Y -r]{Y)X]-a[r]{X)(t)hY -r]{Y)<j)hX] 

+ (Vy,^/i)X - (Vx0/i)r, 

(2.10) IX = a^cj^X + 2a4)hX - h^X + (t){V^h)X, 

(2.11) IX - (j)l(j)X = 2 [3?(j)^X - h^X] , 

(2.12) {'^^h)X = -<j)lX - a^(j)X - 2ahX - cjjh^X, 

(2.13) S{X, = -2na^ri{X) - (div((/)/i))X, 

(2.14) 3(^,0 ^-[2na' + trih')], 
where X, Y arbitrary vector fields on M^"+^. 

3. Almost a-cosYMPLECTic manifolds with 77-parallelism 

Let (M^"+^, 0,^,77, (7) be an almost a-cosymplectic manifold. For any vector 
field X on M2"+\ we can take X = X'^ + ri{X)£,, X'^ is tangentially part of X and 
r]{X)£^ the normal part of X. We say that any symmetric (1, l)-type tensor field B 
on a (M^"+^, (j), £_, rj, g) is said to be a 77-parallel tensor if it satisfies the equation 

g((VxTi?)y^,Z^) = 0, 

for all tangent vectors X"^ , Y^ , Z^ orthogonal to ^. 

Dileo and Pastore study almost Kenmotsu manifolds such that h' = h o (j> is 
ry— parallel and prove that this condition is not to equivalent to the characteristic 
vector field ^ belongs to the (k, /x)'— nuUity distribution ([H]) for some constants k 
and /i, that is the Riemannian curvature satisfies 

R{X, Y)^ = n{T^{Y)X - r,iX)Y) + ii{Ti{Y)h' X - v{X)h'Y), 

for all vector fields X and Y. For this, taking into account the spectrum of the op- 
erator h' , which is of type {0, Ai, — Ai, ..., A^, — A^}, each A^, being positive constant 

function along V, they prove that an integral submanifold of M of V is locally the 
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Riemannian product Mq x Maj x Af_Ai x ... x M\^ x Af_A,, , where Mq, M\^, and M-\^ 
are integral submanifolds of of the distributions of the eigenvectors with eigenval- 
ues 0, Xi and —Xi respectively. Moreover, Mg is is an almost Kaehlerian manifold 
and each M\^ x M^\. is a bi-Lagrangian Kaehlerian manifold and the structure is 
CR-integrable if and only if is a simple eigenvalue or A/q is a Kaehlerian manifold. 
Also, the authors consider almost Kenmotsu manifolds with 77— parallel and satis- 
fies the additional condition V^/i' = 0, the almost Kenmotsu manifold is locally a 
warped product f[TB]). 

In this section, we study almost a-cosymplectic manifolds with 77-parallel tensor 
field h under the condition V^ft. = and the relation between 77-parallellity of the 
tensor field h and the distribution V. In their works Pastore and Dileo studied 
77-parallellity of the tensor field h(j) in almost Kenmotsu manifolds (a = 1) which 
is a particular case of almost a-cosymplectic manifolds (see ([13,)). In this work, 
we will be especially focused on providing conditions under which h is ry-parallel in 
almost a-cosymplectic structures. For such manifolds, we also give results about 
some certain tensor conditions. 

The starting point of the investigation of almost a-cosymplectic manifolds with 
77-parallel tensor h is the following propositions: 

Proposition 2. Let (Af^""'"^,(/),^, 77, t/) be an almost a-cosymplectic manifold. If 
the tensor field h is rj-parallel, then we have 

(3.1) {Vxh)Y = -T]{X) [4)IY + a^ (t)Y + 2ahY + (ph^Y] 

-T]{Y) [-a(j?hX + (t)h'^X\ + g{Y, ahX + (jjh'^X)^, 

for all vector fields X,Y on A'/^"+^, where the tensor I = Ri-,0^ ^■s ^^^ Jacobi 
operator with respect to the characteristic vector field ^ and h is a (1, l)-type tensor 
field. 

Proof. We suppose that h is 77-parallel. If we denote by X'^ the component of X 
orthogonal to ^, then we get 

= g{{WxTh)Y^,Z^)^g{{Vx-r,mih){Y-rj(Y)0,Z-v{Z)0 
= g{{Vxh) Y, Z) - r^{X)g{{V^h) Y, Z) ~ i^{Y)g{{V xh) C, Z) 

~viZ)g{{Vxh) Y, + v{XMY)g{{y^h) t Z) + 7;(r)7;(Z)g((V^/i) $, 
+v{ZMX)g{{V^h) Y, - v{XMYMZ)giiV^h) C, 0, 

for all vector fields X, Y, Z on Af^"+^. If we simplify the above equation, we get 

- giiVxh)Y,-^^Z)-r^iX)giiV^h)Y,Z)~7iY)g{{yxh)^,Z). 

Using ([221), ([23]) and ([2J2l) . we obtain ^^. O 

Proposition 3. Let {M'^"~^^,<j),^,ri,g) be an almost a-cosymplectic manifold such 
that h is rj-parallel. If in addition Vj/i = 0, then the eigenvalues of h are constant 
on M^''+^. 

Proof. Let A be an eigen function of h and F be a local unit vector field orthogonal 
to ^ such that h{Y) = XY. Since h is 77-parallel, using (|3.ip we have 

(3.2) g{{Vxh)Y,Y)=7j{X)^{X), 

for any vector field X. Also, the left-hand side of the equation (|3.3|) can be written 
as 

(3.3) giiVxh)Y,Y) = X{X), 
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for any Y eV. From ([32]) and dSS]), we get dX = ^(A) (g) 77, for X e x(^^^"+^)- On 
the other hand, if V^h = 0, then ^(A) = for any eigen functfon A. Thus we obtain 
dX = which completes the proof. D 

Theorem 1. Let (M^"+^, (/>, f, 77, t;) be an almost a- cosymplectic manifold such that 
h is rj-parallel and V^/i = 0. // the sectional curvatures of all plane sections f are 
^ o? at some point, then h has eigenvalues Xi ^ on D. 

Proof. Assuming the maximal open subset W of A/^"+^ such that the multiplicities 
of the eigenvalue functions of h are constant on each connected component of W. 
Let W* be such a connected component of W and Xj {j = 1, . . . ,m) the distinct 
eigenvalue functions of h restricted to V on W* . If Xj is a local unit vector field of 
h such that h{Xj) — XjXj, then the spectrum D{Xj) can be written 

D{Xj)^{X,: h{X,)^X,X,], 

for Xj G v. As h anti-commutes with cj), it follows that h{ipXj) = —Xj(j)Xj. Since 
■j^2n+i jg connected, the eigenvalues of h are constant on M^"+^. Now, we suppose 
that hXj ~ for some unit vector fields. Using p.ip and V^/i = 0, we have 

iS7^h)Xj = ~(j)R{Xj,^)^ - a^(j)Xj - 2ahXj ~ 4)h^Xj 



gicj,R{X„0^,^X,] 



-a 



2 



This means K{^,Xj) = —o? everywhere on M^"+^ that contradicts our assump- 
tion. Thus we obtain hXj ^ 0. Hence, h cannot have an eigenvalue to on V>. 
Consequently, h is non-degenerate on the distribution T>. D 

Remark 1. // the sectional curvatures of all plane sections ^ are equal to c? at 
some point, then we have 

giRiX, Oe, X) + g{R{(f>X, OC, 0^) = 2 [a^g{4>^X, X) - gih^X, X)] , 

for any unit vector field X on D. The above equation reduces to g{h^X, X) = 
0. This equation yields trace{h^) = and implies that h = 0. So this condition 
guarantee that h is not equal to 0. 

Proposition 4. Let (Af^"+^, (/>, ^, 77,5) be an almost a -cosymplectic manifold and 
the characteristic vector space of h is completely formed by the direct sum D{X) © 
D{—X) on V. Then the tensor field h satisfies the following relation 

(3.4) h'' = X^{I-ri®i), 
for any vector fields. 

Proof. If we denote by X-^ the component of X orthogonal to ^, then we have 
h^X^ — X X^ for any eigen functions A on V, where X^ — X ~ 7?(^)^ for any 
vector field X. So we get h^X = X {X — ri{X)S,). Thus this completes the proof. D 

Propositions. Let {M'^"^^,(l),^,r],g) be an almost a- cosymplectic manifold. Then 
we have 

g{R^xY, Z) - g{R^x<pY, <PZ) + g{R^^xY, <PZ) + g{R^4,x(l)Y, Z) 
= 2{Vhx'^){Y, Z) + 2a^r^{Y)g{X, Z) - 2cy^r^{Z)g{X, Y) 

(3.5) -2af]{Y)g{(j)hX, Z) + 2arj{Z)g{(j)hX, Y), 
for any vector fields X, Y, Z on M'^"^^. 
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Proof. This formula is proved by Pastore for an almost Kenmotsu manifold (see 

M)- □ 

Theorem 2. Let (M^"+^, ip, ^, 77, g) be an almost a-cosymplectic manifold, V^/i = 
and the sectional curvatures of all plane sections ^ are j^ o? at some point. If the 
tensor field h is rj-parallel, then the integral submanifolds of the distribution T) have 
Kaehlerian structures. 

Proof. Let X^ jY'^ , Z'^ be an orthogonal vector fields to £,. Using Eqs. (|2.9p and 
(13.11) we obtain 



(3.6) g{R{Y^, Z^)t X^) = g{{\/YT^)Z^ - (VzT0)r^, hX^), 

for any vector fields X,Y,Z, where {Vx(t>h)Y = -{Vxh)(j)Y - h{V x(t))Y. In view 
of p.6p . we obtain 

(3.7) - 5(i?(e, X^^Y^. <I>Z^) = -giiy^Y^^)^Z^ - (V^^T0)0r^, hX^), 

(3.8) giRiC, 4>X^)Y^, 0Z^) = .g((VyT0)0Z^ - (V^zT0)y^, /i0X^), 

(3.9) g(i?(e, 0X^)0r^, Z^) = g{{V^YT<t>)Z^ - (V^^tc/.)^/.^^, h<j>X^). 

Consider Eqs. (|3.7p . (|3.8p . (|3.9p and taking sum on both sides of those equalities, 

respectively, we find 

(3.10) 

g(i?(e, X^)Y^, Z^) - g{R{t X^)cpY^ , cpZ^) + g{R{^, ^X^)Y^ , cfZ^) 
+.g(i?(e, ^X^W^. Z^) = g{{VYT^)Z^, hX^) - g{{VzTcl>)Y^ , hX^) 
-g{{y^YT<P)<i>ZT. hX^) + 5((V^zT0)0y^, hX^) + 5((VyT0)0Z^, /i0X^) 
-9((V^z-'/')>^^, /i0^^) + .g((V^yT0)Z^, /i0X^) - 5((V^z-0)01^^, /i0^^). 

We will also need the equality 

VxT(t>^Y'^ = --VxtF'^, 

which holds for vector fields X, Y, Z orthogonal to ^. From the above equation, we 
have 

(3.11) (VxT0)0r^ = Vxt4>^y^ - (I3Vxt4>y^. 

Taking inner product of the equation (|3.1ip with Z^ we get 

(3.12) giiVxT^W'^, Z^) = giiyxT^)Y^, <\>Z^). 
According to Eq. p.l2p we also have 

5((VxT0)r^,Z^) = -gii^^x-m'y'^.z'^). 

If we substitute (|3.1ip and p.l2p into p.lOp , then we obtain 
g{R{i, X^)Y^, Z^) - 5(i?(e, X^)0r^, <PZ'^) 
+g{R{^, cj)X^)Y^, 0Z^) + g{R{^, 4>X^)(pY^ , Z^) 
= g{{VYT^)Z^, hX^) ~ g{{VzT(p)Y^, hX^) ~ g{{V ^YT(p)(pZ^ , hX^) 

+g{{V^zT<PW^. hX^) + g{{VYT<P)<PZ^. hc^X^) - g{{V^zT^)Y^, hc^X^) 

+g{{v^Y^4>)z'^, h4>x^) - g{{v^z^4>)4>y^, HX^) 

(3.13) ^[g{{VYT<l>)Z^ ,hX^) - g{{V zTCJ>)Y^ ,hX^)]. 
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The left-hand side of Eq. p.lSp using by Eq. p.5|) we can be written as foUows: 

g{R{^, X^)Y^, Z^) - 5(i?(C, X^W^, 0Z^) + g{R{t ^X^)Y^ , <j^Z^) 
+g{R{^, c^X^W^, Z^) = 2(V,,x$)(r, Z) = 2g{Y^ , {\/^xr4>)Z^). 

Combining this equality, we get 

g{Y^, {yhXT^)Z^) = 2L9((VyT0)Z^, hX^) - g{{VzTct>)Y^, hX^)]. 

In the above equation, if we restrict X to 2? and replace by h^^X , then we have 

Since the tensor field h is non-degenerate, its invertible on V. Thus we obtain 

g{{VxT^)Y^, Z^) + g{{VYT^)Z^, X^) + g{{yzTC^)X^, Y^) 
= -2Lg((VyT0)Z^, X^) - g{{WzTcb)Y^, X^) 
+g{{WzTcf>)X^,Y^)~g{{WxTcf>)Z^,Y^) 
+5((V2T0)r^,X^) -5((VyT0)Z^,X^)] 
(3.14) - 2[g{{WzTcl>)X^,Y^)-g{{WxT(l>)Z^,Y^)] 

The left-hand side of Eq. (|3T4|) is equal to (i$(X^, F^, Z^), where $ is the two- 
form is given by ^{X, Y) — g{X, (j>Y). On the other hand, since M^"+^ is an almost 
a-cosymplectic manifold, then we have 
(3.15) 
d$(X^, r'^, Z^) = 2a(77(X^)$(r'^, Z^)+r/(Z^)$(X^, r'^)+r;(r'^)$(z^, X^)) = 

Thus Eq. ((XT5)) reduces to 

(3.16) giiVzT^)X^, Y^) = giiVxT^)Z^, Y^). 
Moreover, we get 

giiVYT^)Z^, X^) = giiVz^^)Y^, X^) = -g((VyT0)Z^, X^), 
by using p.l6|) and anti-commute property of (f>. Hence, we obtain 

(3.17) .g((VyT0)Z^,X^) = O. 

As this is valid for all vector fields X'^, Y'^ , Z^ orthogonal to ^, this is equivalent 
to the equality 

(Vy(/.)Z = {g{Z,hY)~ag{^Z,Y)\i-T^{Z){a4>Y^hY\ 

(3.18) = -,g(0Ay, Z)e + r?(Z)0Ar, 

for all vector fields X, F, Z on M2"+^ Therefore, Eq. ((3?T8)) implies that the integral 
submanifolds of the distribution V are Kaehlerian. D 

4. Almost q;-cosymplectic (k, ^, i^)-spaces 

4.1. D-homothetic deformations. Let M^""*"^ be an almost a-cosymplectic man- 
ifold and {(f>,£,,Ti,g) its almost a-cosymplectic structure. Let 7?,^(M^"+-'^) be the 
subring of the ring of smooth functions / on M^"'^^ such that df Arj — 0. 

Consider a I?-homothctic deformation of (0, ^, 77, g) into an almost contact metric 
structure (0 , ^ , ^7 , <? ) defined as 

(4.1) cj)' ^(j), i' = 4C, V' = /3^, 3' = 75 + (/3' - 7)^ ® V, 



(4.2) V^Y ^VxY-i i^-^ ] giAX, Y)^ + J^rjiX)rjiY)^. 
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where 7 is positive constant and /3 e 7?.,,(Af^"+^), /3 7^ at any point of M^"+^. 
Since d/3 A 77 = 0, it follows that 

dr]' ^dl3 Ar] + jBdrj = 0, 

and moreover d^' = 2(^)r/ A <&' , since the fundamental two forms $,$' of the 

structures are related by $' = 7$. Taking ^ — /3', deformed structure {(j) ,£, ,r] :9 ) 
can be written 

$' = 7$, dr]' = 0, d$' = 2l3'r]' A $', 
for dp = d/3(0?7 and ^' = f G 7^„(Af2»+l). 

Thus a Z)-homothetic deformation of an almost a-cosymplectic structure {(j), ^, 77, g) 
gives a new almost (^)-cosymplectic structure (</> ,^ ,77 , g ) on the same manifold. 

Propositions. Let {M'^"^^,if),^,ri, g) be an almost a-cosymplectic manifolds. For 
D-homothetic deformations of almost a-cosymplectic structures on M^"+^, the 
Levi-Civita connections V and V are related by 

—^jg{AX,Y)^ + — 

Proof. Using Kozsul's formula we have 

2g'iVxY,Z) = Xg'{Y,Z)+Yg'{X,Z)-Zg'{X,Y) 

+g'{[X,Y],Z) + g'{[Z,X],Y) + g'i[Z,Y],X), 

for any vector fields X, Y, Z. By applying g' = "fg + iP ~^)rj®rj with all components 
of Kozsul's formula, then we find 

2g'{VxY,Z) = 2jg{VxY,Z) + 2pdmv{XMY)r,iZ) 

+ {13^ - 7) [2v{VxY)v{Z) + 2g{Y, \/xOv{Z)] ■ 

Also, since we have 

2g'iV'j,Y, Z) = 27g(V:^y, Z)) + 2{p^ - ^UV'^YUZ), 

we obtain the formula 

(4.3) ig{VxY, Z)) + {13^ ~ ^UV^YUZ) - igiVxY, Z) 

+pdmv{x)v{Y)v{z) + if - j)viyxY)fjiZ) + 5(y, VxOviZ), 
where 

(4.4) rjiV^Y) - ^dmviXMY) + r,{V xY) + (^^) 9{y, V^O- 

By using Eq. (|4.4p into (|4.3I) and making use some computations, we get Eq. (14. 2p 
which completes the proof. D 

Proposition 7. For D-homothetic deformations of almost a-cosymplectic struc- 
tures, then the following relations are held: 

(4.5) A'X = -AX, h'X = -hX, 

(4.6) R'{X, Y)e - ^R{X, r)e + ^dPiO [v{X)AY - viY)AX] , 
for any vector fields X, Y, Z. 
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Proof. By using ([22]), ^JJ,, (glTj) and (gSj), wc obtain 

A'X = ^e - ^VxC - ^d/3(0r/(X)e 

By considering the above equation and Eqs. (|4.ip . Eq. (??), then we also have 
the second equahty of (|4.5p . In order to prove Eq. (|4.6p . we may also use the 
Riemannian curvature tensor and Eqs. (|4.ip . that is, it holds 

(4.7) R'{X,Y)C' = V^Vy^'-VyV^^'-Vlx^Y]^' 

X{(3) Y{(3) 1 

In Eq. (|4.7p making use some computations by using the formula 
we find 

R'{x, r)e' - ^^i^ - ^^^ + ^^(^' ^)^' 

which is a consequence of Eqs. ()4.2p and ()4.5p . D 



4.2. (k, /x, :^)-spaces. In this part, we are especially interested in almost almost a- 
cosymplectic manifolds whose almost a-cosymplectic structure (0, ^, 77, g) satisfies 
the condition (jl.2p for k, ^,1/ ^ 7?.,,(M^"+^). Such manifolds are said to be almost a- 
cosymplectic (k, fi, i^)-spaces and ((/>, ^, 77, (7) be called almost a-cosymplectic (k, /i, z/) 
-structure. We will explain why the functions k, /^, v are element of 7?.^(M^""'"^) in 
the latter. 

Proposition 8. // (</>, ^, 77, g) is an almost a-cosymplectic (k, fj,, v)-structure for D- 
homothetic deformations of almost a-cosymplectic structures, then {4> ,^ ,ri ,g ) is 
an almost {%)-cosymplectic structure with k!,^,\v' G TZjf'{AI^"^^) being related to 
K, 11, V by the following equalities 

(4.8) K = -^, fi = —, V ^ 5 , 

which holds 

R'{X,Y)^' = PK'[rj{Y)X -r]{X)Y]+ ^i'[r]{Y)hX -r]{X)hY] 

(4.9) +iy' [rj{Y)(t)hX - r]{X)(l3hY] . 

Proof Applying Eqs. (|1.2p . (14. ip and (14.51) into (14. 6p . we get (j4.9p . By using simple 
computations, we also obtain 

[v{Y)X - T]{X)Y] {13k') + ['n{Y)hX - v{X)hY] (^') 
+ [rj{Y)ct>hX - rj{X)<phY] {v') = [ij{Y)X - ij{X)Y] (^) 

+ [ri{Y)hX-r^{X)hY]{ti^) 

+ [r^{Y)^hX~r,{X)4>hY\{^p-^), 

completing the proof. D 
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Theorem 3. An almost a-cosymplectic (k, ^^v)- structure, k < ~o? ^ can he D- 

homothetically transformed to an almost {%)-cosymplectic (—1 — gt""'^ , §; ~^)" 
structure with /S — — (k + a^). 

Proof. We suppose that ((/>, ^, 77, g) be an almost a-cosymplectic {k, fi^ i^)-structure. 
By making use of Z)-homothetic deformation of the structure (</>, Ci'^jS) with k < 
—o? and /3^ — —{k + a^), then we obtain an almost (§)-cosymplectic {k' ,fi' ,v')- 

structure {4> ,£, ,ri ,g ) with 



^2 + ^3 ' «IP^ 2/3 



e(/3) = -^, e(«) = 2(j^-2a)(«; + a2), 



by the means of the above proposition, where 

, K — lo? + OiV 



2 ' m' = 



To prove the theorem, we need the formula v' — —— by using the equation v' = 

P 
^i^^^. Thus ( ^~^^'+"'^ , ^, ^)-structure is obtained for the structure {(!>', ^' , v , 9 ) 
with /3^ = -{K + a'^). a 

Remark 2. The above theorem is proved by Olszak and Dacko for the case a = 
with fi' = -fe^ (see [TT] ). 

Proposition 9. The following relations are held on every {2n + 1)- dimensional 
almost a-cosymplectic [n, ^,v)- space (M^""*"^, (/), ^, 77, 5). 

4.10) 1 = -K(f)^ + ^h + v(t>h, 

4.11) l(t)-(t>l^2^jLh4> + 2vh, 

4.12) h^ = {n + a^)4)'^ , for K < -a^ , 

4.13) (Vj/i) = -/i(/)/i + (^ - 2a)/i, 

4.14) Vj/i^ = 2(I/-2a)(K + a^)0^ 

4.15) C(k) = 2(t/-2a)(K + a^), 

4.16) +Kg(^/iy,X)e-r7(r)0/iX), 

4.17) Qi = 2n<, 

4.18) (Vx(/')1' ^ 9{a(j)X + /iX, F)^ - ri{Y){a(l)X + /iX), 

Vjf 0/i)y - (Vy(/)/i)X = -{K + a^){ri{Y)X -ri{X)Y)- ^i{f]{Y)hX-ri{X)hY) 

(4.19) +(a-i^)(77(r)</./iX-?7(X)(/)/iy), 

(VxM>"-(VyMX = {K + a'){'n{Y)dpX-ri{X)4>Y + 2g{^X,Y)i) 

+n(T]{Y)(f>hX - T]{X)(PhY) 

(4.20) +ia-i^)i7]{Y)hX -Tj{X)hY), 
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for all vector fields X,Y on M^"+^. 
Proof. From Eq. ()1.2|) we get 

(4.21) IX = i?(X, e)e = k{X - r/(X)C) + tJ.hX + i^<^/iX. 
Replacing X by (j)X in Eq. (|4.2ip . it gives 

l(t)X = K0X + fi(j)hX + i^(j)^hX. 
Also, applying the tensor field (j> both sides of the last equation we have 

(j)lX = -(t)K(j)^X + 4)nhX + 4)v4)hX. 
Then subtracting the last two equations, we obtain 

l(j)X - 4)IX = n{h4)X - (j)hX) - 2v4)'^hX, 
completing the proof of Eq. (|4.11l) . By using Eq. (|4.21l) we deduce 

(4.22) (j)l4>X = (t)K4)X + (t>ix(j)hX + 4)v4)^hX. 
Eqs. ([i?^ and (|¥^ shows that 

IX - (j)l(j)X = -2k(J)^X. 

Using Eq. (|4.2ip we have 

-2k4)^X = 2(a20^X - h?X), 

which gives Eq. (|4.12l) . Moreover, differentiating Eq. (|4.12p along S, we get 

{y^h)X = -(j)lX - a^<j)X - 2ahX - (j)h^X, 

= -K(j)X - fi(t)hX + vhX ~a^(j)X - 2ahX 

+ (K + a'^)(j>X. 

Alternately, using (|4.12l) . we obtain 

y^h^ = {S7^h)h + h{V^h) = 2(iy - 2a)h'^X. 

The proof of Eq. (|4.14p is obvious from Eq. (|4.13p . Then differentiating Eq. (|4.14p 
along ^ we find 

2{iy - 2a)iK + a^)(j)'^X = [^{k)] cj)^X. 

Since g{R{S„ X)Y, Z) = g{R{Y, Z)^, X), wc have 

g[R[Y, Z)i, X) = n{^{Z)g{Y, X) - v{Y)g{Z, X)) + ^x{l^{Z)g{hY, X) - viY)gihZ, X)) 

+iy{r,{Z)g{^hY, X) ~ iq{Y)g{d,hZ, X)), , 

by using Eq. (|1.2p . The last equation completes the proof of Eq. (|4.16p . Contract- 
ing Eq. (|4.16p with respect to X, Y and using the definition of Ricci tensor, we 
obtain 

2n+l 

S(i, Z)=Y, 9{m, E,)E,,Z) = 2nK'n(Z), 
i=i 
for any vector field Z. Next, it is clear that Eq. (|4.17p is valid. In addition, Eq. 
(|iT7)) implies that 

g{R^xY, Z) = K {g(X, Y)7j{Z) - viY)g{X, Z)] + /. [g{hX, Y^Z) - v{Y)g{hX, Z)] 

+v [g{^hY, X)ij{Z) - ij{Y)g{<phX, Z)] . 

Accordingly, combining the last equation and Eq. (j3.5p . we deduce that 

-2K[rj{Y)g{X,Z)-rj{Z)g{X,Y)]- 
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So Eq. p.Sp reduces to the equation 

-2K[q{Y)g{X,Z)-ij(Z)g{X,Y)] - 2(VhxmY,Z) + 2a'i^{Y)g{X,Z) 

-2a^ri{Z)g{X, Y) - 2ari{Y)g{(j)hX, Z) 
+2ar]{Z)g{(j)hX,Y). 
In view of the last equation, we obtain 

(4.23) ~iVhxmY,Z) = {K + a^)[fj(Y)g{X,Z) -ri{Z)g{X,Y)] 

-a [n{Y)9{4>hX, Z) - ri{Z)g{4>hX, Y)] . 

Substituting X = hX in Eq. (|4.23l) and considering the relation {Vx^){y,Z) = 
5((Vx0)^,F), thenweget 

= {K + a^)g({Vx<i>)Z,Y)-a[f^{Y)g{c^X,Z)-T^{Z)g{cj>X,Y)] 

-[i^{Y)g{hX,Z)-i^{Z)g{hX,Y)]. 

The last equation implies that 

{Vxc^)Z = a [g{cj)X, Z)i ~ r,(Z)</)X] + g(hX, Z)i - r^{Z)hX. 

Here, replacing Z hy Y and organizing the last equation, we obtain Eq. (|4.18p . On 
the other hand, Eq. (|4.18p can be written as follows: 

iVx^)Y = ~g{MX, Y)C + v{Y)MX, 

by using the tensor field A. Using Eq. (|2.9I) . we also have 

{\7x(bh)Y~{\/Y<l)h)X = -R{X,Y)^ + a^7j{X)Y-7j{Y)X] 

(4.24) -a [rj{X)(j)hY - ri{Y)(t>hX] . 

The proof of Eq. (|4.19p is obvious from Eq. (|1.2p . Eq. (|4.20l) is an immediate con- 
sequence of Eq. ()4.24p . Moreover, Eq. (|4.18p shows that the integral submanifold 
of the distribution 2? is Kaehlerian for an almost a-cosymplectic (k, /i, z/)-space. D 

Remark 3. Eq. {4-18^ shows that almost a-cosymplectic (n^ fi^v) -spaces satisfy 
the Kaehlerian structure condition. 

Now, we need the following formula for the latter usage. 

Proposition 10. Let (A/^"+^, (p, ^, rj, g) be an almost a-cosymplectic manifold with 
Kaehlerian integral submanifolds. Then the following relation is valid 

(4.25) Q(t>-(t)Q ^ l<j)~<l)l + 4:a{l~n)<l)A + 4:a^{l~n)(t)X 

for all vector fields on Af^"+^. 

Proof. For the curvature transformation of almost a-cosymplectic manifold Af ^"+^ 
with Kaehlerian integral submanifolds, we have 

R{X, Y)(t)Z - 4>R{X, Y)Z ^ g{AX, (t>Z)AY - g{AY, 4>Z)AX 

-g{AX, Z)(f)AY + g{AY, Z)(i)AX 
+T^{Z)c^{{VxA)Y - {VyA)X) 

(4.26) +g{VxA)Y - {WyA)X, <i,Z)^ 

= g{AX, (j)Z)AY - g{AY, (l)Z)AX 

-giAX, Z)(I>AY + g{AY, Z)(i>AX 
-r^{Z)cl>{R{X, Y)0 - 9{RiX, Y)^, cpZ)^. 
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Then using p.ip and (|4.26p . one obtains, 

(4.27) 

g{(t)R{(j)X, (j)Y)Z, (j)W) = g{(t)R{Z, W)X, cfyY) + g{AZ, <j)X)g{AW, (/)¥) 

^giAW, (f>X)g{AZ, 4>Y) - g{AZ, X)g{<i>AW, <i>Y) + g{AW, X)g{<pAZ, <i>Y) 

-v{X)g{^R{Z, W)C, c^Y) - v{R{(t>X, c^Y)Z)f^{W). 
Putting X = (t)X and Y ^ (j)Y \n (j4?26l) we have, 

g{R{c^X, <i>Y)<pZ, m) - 5('/'i?(0^, W)Z. W) 

= g{A<f)X, (j)Z)g{A(t)Y, (j)W) - g{A(t)Y, (l)Z)g{A^X, (j)W) 
(4.28) 

-5(^0^, Z)g{cl^A4>Y, (jyW) + g{Act,Y, Z)g{<f>Ac^X, c^W) 

-fjiZ)g{<f>Ri^X,^Y)^,4>W). 
Substitution of the (|4.27p into (|4.28p yields immediately 
g{R{(t)X, (l)Y)(j)Z, (j)W) = g{(j)R{Z, W)X, (j)Y) + g{AZ, (l)X)g{AW, (pY) 

-g{AW, cj>X)g{AZ, c^Y) - g{AZ, X)g{c^AW, ^Y) 
(4.29) +giAW, X)g{^AZ, (f>Y) - rj{X)g{^R{Z, W)^, <PY) 

-viRm, ^Y)Z)tj(W) + giA^X, (^Z)g{A(j,Y, W) 
-g{A<j,Y, ^Z)g{A<j,X, cjiW) - g{A<^X, Z)g{^A<i,Y, cj^W) 
+g{A^Y, Z)giM^X, W) - v{Z)gmm, <^Y)^, <^W). 
By using (|2.ip . the relation (j4.29p can be written as 
g{R{.pX,^Y)^Z,(j)W) - giRiZ,W)X,Y)-T^{R{Z,W)X)TjiY) 

-g{AZ, X)g{AW, Y) + g{AW, X)g{AZ, Y) 
-Tj{X)g{R{Z, W)^, Y) - ry(i?(0X, <j,Y)Z)^{W) 

(4.30) +g{A<j)X, (l3Z)g{A(j)Y, (j)W) ~ g{A<f)Y, (l)Z)g{A^X, (j)W) 

-'n{Z)g(<j,R{c^X,4,Y)t4>W). 

Substituting y = Z = e^ in (|4.30p . summing over i = l,2,...,2n+l, and using the 
relation tr{A) = ~~2an, it is not hard to prove 

-(t>Q(t)X -QX ^ -(l}l(j}X -IX + 4a(l - n)A 

2n+l 

-4a2(i _ n)(j>^X - v{X)Q^ + J2 "^ (^('^^' '^e^)e^) ? 

i=l 

The rest of the proof follows acting (j> on the last equation. Also, the last equation 
reduces to the following formula 

(4.31) Q(t) ~ (t)Q ^ Icf) ~ (j)l + 4a(l - n)cj){a(t)^ + (j)h) + W{n - 1)0X, 

for aU vector fields on Af2"+i. D 

Proposition 11. Let (Af ^"+^, 0, ^, 77, g) he an almost a-cosymplectic (k, /i, v)-space. 
Then the following relation is true 

(4.32) Q(t)-(j)Q^ 2tih(j) + 2(2a(n - 1) + i^)h, 
for all vector fields on M'^"'^^. 
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Proof. In view of Eq. (|43T|) and (|4lT1) . we find 

Q(f)- (j>Q = 2fih(j) + 2vh - 4a(f - n)h, 
which proves the required result. D 

Theorem 4. Let (M^"''"^, (/),^, 77, t;) he an almost a-cosymplectic manifold, V^/i = 
0, the sectional curvatures of all plane sections ^ are 7^ a^ at some point and the 
characteristic vector space of h is completely formed by the direct sum D{X)(BD{—X) 
onD. If the tensor field h is rj-parallel, then (M^""'""'^, 0, ^, 77, t;) is a {k, 0,2a) -space 
with K = — (a^ + A j . 



Proof. Using (12. 9p we obtain 

(4.33) R{X, Y)S, = a^ [vWY - ri{Y)X] - a [r]{X)(l)hY - ri{Y)<f)hX] 

M^xhW - (Vyh^X + h{{Vx4')Y - iVY^)X), 

by acting the formula {Wx'pl^')^ — ~iy xh)(t)Y — h{Vx4')Y for any vector fields 
X, Y. Since h is 77-parallel, substituting Y = (f)Y in Eq. (|3.f|) we find 

(4.34) (yxh)(j)Y = g{4>Y,ahX + (Ph'^X)C 

Then replacing X by F in Eq. (|434l) and by virtue of Eqs. (|433l) and (|434l) . we 
get 

(4.35) {Vxh)(j)Y - (yYh)(pX = 0. 
Using (|3.f8p and combining (|4.35l) in Eq. (I4.33p . we also get 

(4.36) R{X,Y)^ = ~a^[ri{Y)X ^jj{X)Y] + 2a[ri{Y)(j)hX -ri{X)(l}hY] 

-[ri{Y)h^X -riiX)h'^Y]. 



Furthermore, Eq. (|3.4p is valid because of the our assumption. At that rate, Eq. 
(|4.36p reduces to 

R{X, r)e = -(a^ + A^) [7]{Y)X - v(X)Y] + 2a [T]{Y)(l)hX - T](X)(l)hY] , 

by using Eq. (|3.4p . The proof is completed. D 

Theorem 5. The following differential equation is valid on every {2n+l)- dimensional 
almost a-cosymplectic [k, ^,1/)- space {M'^^'^^ ,(j),^,ri,g) : 

= ^[K){7i{Y)X-ij{X)Y) + ai^){r^{y)hX-7^{X)hY)+ai^){7^{Y)<i>hX 

-r]{X)(t)hY) - X{k)(J)^Y + X{n)hY + X{v)(t)hY - Y{^l)hX - Y{v)(l)hX 
(4.37) +Y{K)(t)'^X + 2(k + a'^)fig{(PX, Y)^ + 2^ig{hX, (j)hY)C 

Proof. Differentiating the formula (|I.2p along an vector field Z we have 
{WzR){X, Y)^ = Z(k) [7^{Y)X - rj{X)Y] + Z{fi) [v{Y)hX - v{X)hY] 

+Z{i^) [r]{Y)(j)hX - T]{X)^hY] + K [r/(Vzr)X + g{Y, ^ zS,)X 

+rj{Y)^zX] + n [-7^{^ zX)Y - g{X, S/z^Y - v{X)\/zY] 

+M [v{'^zY)hX + g(Y, VzOhX] 

+fi [v{Y)VzhX - rj{VzX)hY - g{X, V zS,)hY - t^{X)V zhY] 

+v [ri{W zY)(j}hX + g{Y, V zO^hX + ij{Y)W zcj^hX] 

+u [-r^{VzX)<l)hY - g{X, VzO<PhY - r^{X)Vz<phY] , 
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by considering the equation 

(Vzi?)(X, Y)C = VzR{X, Y)^ - R[WzX, Y)i - R{X, VzY)^ - R{X, Y)VzC 
Then by using (j2.2p we also have 



(Vzi?)(X, r)e = Zin) [fj{Y)X - fj{X)Y] + Z(m) [v{Y)hX - v{X)hY] 
+Z{iy) [viY)(l>hX - ri{X)(j)hY] + k [r]{VzY)X] 
+K [ag{<l)Y, (j)Z)X - g{Y, (j)hZ)X + g{X, (j)hZ)Y] 



+K [v{Y)\7zX - T]{VzX)Y - ag{(f>X, cj,Z)Y - v{X)VzY] 

+H [q{Vzy)hX + ag{4)Y, 4)Z)hX - g{Y, (t)hZ)hX\ 

+/i [n{Y){Vzh)X - Ti{VzX)hY - ag{4>X, dpZ)hY] 

+fi [g{X, (j)hZ)hY ~ r]{X){VzY)Y] + v [ag{(j)Y, (j)Z)(j)hX] 

+1^ [rj{VzY)4>hX - g{Y, (j)hZ)(j)hX + j]{Y){V zh)(j)X] 

+u [-f]{V zX)dphY - ag{<j)X, (^Z)(^hY - r]{X){y zY)(j)Y] 

+v [g{X, (j)hZ)(j)hY] - K [ti{Y)VzX - 7^{V zX)Y] 

-^i [7j{Y)h\/zX - Tj{\/zX)hY] - K [~Tj{X)\/zY + v{^zY)X] 

-fi [-r]{X)hVzY + f]{VzY)hX] - v [-r]{X)<j)hV zY + t]{V zY)(t)hX] 

-V \^{Y)(l>hSI zX - 77(VzX)</>/ir] + aKT]{Z) \^{Y)X - ^(X)Y\ 

+afirj{Z) [r]{Y)hX - r/iX)hY] + av7^(Z) [r^{Y)(j)hX - r^{X)<j,hY] 

-aR{X, Y)Z + R{X, Y)(\)hZ. 

Now, using again Eqs. p.2p and (|1.2p the last equation reduces to 

(Vzii')(X, Y)i = Z{k) \^{Y)X ~ ^{X)Y\ + Z{p.) [v{Y)hX - v{X)hY] 
+Z{v) [ri{Y)(t)hX - r]{X)(j}hY] + n [ag{Z, X)Y] 
+K [-ag{X, Z)Y + g{X, cl)hZ)Y - g{Y, (t)hZ)X] 
+^JL [-g{Y, (j)hZ)hX + TjiY)iVzh)X + ag{Y, Z)hX] 
+H [-ag{X, Z)hY + g{X, (j)hZ)hY - ri{X){V zh)Y] 
+v [ag{Y, Z)<j)hX - g{Y, (t)hZ)(t)hX + 7^{Y){V z(t)h)X\ 
+v [~ag{X, Z)(j)hY + g{X, (j)hZ)(j)hY - 7^{X){V z<ph)Y] 
-aR{X, Y)Z + R{X, Y)(j)hZ. 

Next using the last equation and the second Bianchi identity 

iVzR){X, Y)^ + (VxRW, Z)^ + {VyR){Z, X)C - 0, 
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we obtain 

= Z{k) [ri{Y)X - T]{X)Y] + Z{p) [ri{Y)hX - ri{X)hY] 

+Z{v) [r]{Y)4)hX - r]{X)(t)hY] + X{k) [n{Z)Y - r]{Y)Z] 

+X{n) [r]{Z)hY - T]{Y)hZ] + X{iy) [rj{Z)(t)hY - r]{Y)<j)hZ] 

+Y{k) [r]{X)Z - v{Z)X] + Yifi) [n{X)hZ - v{Z)hX] 

+r(j/) [r,iX)(/)hZ - r]{Z)(t>hX] + /z [r?(r) {{V zh)X - {V xh)Z)] 

+M HZ) {{Vxh)Y - iVYh)X) + r]{X) ((Vy/i)Z - (Vz/i)r)] 

+iy HY) {{yz(^h)X - {Vx^h)Z) + 7]{Z) {{Vx^h)Y - (Vy(/./i)X)] 

+u [r]{X) {{VY<i>h)Z - {yz<ph)Y)] + R{X, Y)(t)hZ + R{Y, Z)(j)hX 

-a [R{X, Y)Z + i?(r, Z)X + i?(Z, X)Y] + R{Z, X)<j)hY, 

for all vector fields X, Y, Z. Putting ^ instead of Z in the above equation, we obtain 

- a^)[f]{Y)X~fj{X)Y]+af^)HY)hX-rj{X)hY] 

+^{i^) [T]{Y)(j)hX - T]{X)(t)hY] - X{K)(t)^Y + X{p)hY 

+X{v)4)hY + Y{K)(t)'^X - Y{p)hX - Y{v)(t)hX 

+m{y) [-(«: + a^)(t)X - /10/iX - (a - v)hX] 

+^i{n + a") [v{Y)c^X - v{X)<j>Y + 2g{<f>X, Y)C] 

+Ai^ [r]{Y)4>hX - r]{X)(j)hY] + ^i{a - v) [r]{Y)hX - Tj{X)hY] 

+m{X) [{n + a^)(t)Y + ^lh(t)Y + [a - v)hY] 

+v'q{Y) [-{k + a^)(j)^X + ^hX -{a- i^^hX] 

-v{k + a^) [rj{Y)X - r]{X)Y] - v^ HY)hX - r^{X)hY] 

+v{a - v) [r]{Y)<j)hX - r]{X)<j)hY] + vri{X){K + a^)(t>'^Y 

+v'q{X) [-^ihY + {a- v)(t>hY] - R{(, Y)(t>hX + i?(C, X)(t>hY. 

Finally, if we substitute (I4.16P (|4.19p and (14.201) in the last equation, then we deduce 
Eq. (it^ . D 

By the means of the proof of [Koufogiorgos et al., Lemma 4.4], we have 

Lemma 1. Let (M'^^'''^^ , (p, £^,1], g) be an almost a- cosymplectic {k, ^,1/)- space. For 
every p G N., there exists neighborhood W of p and orthonormal local vector fields 
Xi, (j)Xi and ^ for i = 1, . . . , n, defined on W , such that 

(4.38) hX, = \X„ h(j)X, = -\X„ h^ = 0, 



for i — 1, . . . ,n, where A = y''— {k + a^). 

Proof. The proof of that lemma is similiar to that of [Koufogiorgos et al. 2008, 
Lemma 4.2]. D 

Now, we will explain why the functions k, /i and 1/ are element of 7?.^(M^"+^). 
Using Lemma 1 we will prove the following theorem. 

Theorem 6. Let (M^"+^, 0, ^, 77, (7) be an almost a- cosymplectic {k, ^^v)- space 
with the dimension greater than 3. Then the functions k, fj, and v are element of 
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Proof. Lemma 1 implies that the existence of a local orthonormal basis {Xi, (pXi, ^} 
such that 



hei = Xci, h(j)ei = —X(j)ei, ft,^ = 0, A = y — (k 



a 



2\ 



on W. Substituting X — Ci and Y ~ (pei in Eq. (|4.37p . we obtain that 

ei{K)(J3ei — \ei{^)4>ei + Xei{v)ei — \4>ei{ii)ei — \(l)ei{v)(j)ei — 4>ei{K)ei — 0. 

This means that 

[ei{K.) - Xciifi) - X(j)ei{i^)] (pCi + [\ei{v) - X(t)ei{fi) - (t)ei{K)] = 0. 

Since {ei,eXi} is linearly independent, we have 

.^ggN ej(K) ~ Ae,(^) - A0e,(iy) =0, 

Aej(i^) - A(/)ei(^) - (/)ej(K) = 0. 

In addition, replacing X and Y by e^ and ej, respectively, for i ^ j, Eq. (|4.37p 
provides that 

(4.40) e.(«) + Ae.(/.)=0, 

Besides, substituting X — (j)ei and Y = (f>ej, for i y^ j, in Eq. (|4.37p . we get 

/4 4j^N (j)e,{K)- X(f>e,{fi)=0, 

<t'ei{v) = 0. 

In view of Eqs. (|439)) . (|440| and (|44T|) . we deduce 

ei{K) = ei(^) = ei{v) = 0ei(K) = (/>ei(^) = (^ei(z^) = 0. 

For an arbitrary function k, we obtain that dn = £,{n)ri in the last equation system. 
In this way, we can write 

(4.42) = d^K = d{dn) = d£_{K) A ?/ + i{n)dT]. 

Since dry — 0, acting the last equation, it gives that d£^{K) A-q — 0. Namely, the 
function k is an element of 7^^(M^"+^) on every connected component of W. Anal- 
ogously, it can be shown that the functions /j and v are also non-constant on every 
connected component of W. D 

Corollary 1. The functions k, fj, and v are constants if and only if these func- 
tions are constants along the characteristic vector field £, for almost a-cosymplectic 
(k, /i, ly) -space (M^"+^, (/),^, r/,g) with n > 1. 

5. The existence of non-constant (k, ^, i/)-spaces in dimension 3 

In this part, we will show that the existence of almost a-cosymplectic (k, ^, i^)- 
space for the non-constant functions K,/i and v in dimension 3. 

Let U be the open subset of M^ where the tensor field h ^ and let U' be the 
open subset of points p G M^ such that /i = in a neighborhood of p. Thus the 
association set of C/ U f7' is an open and dense subset of M^ . For every p G U there 
exists an open neighborhood of p such that he = Ae and h(f>e = —X4>e, where A is a 
positive non- vanishing smooth function. So every properties satisfying on U UU' is 
valid on M^. Therefore, there exists a local orthonormal basis {e, 0e,^} of smooth 
eigen functions of ft. in a neighborhood of p for every point p € U U U' . This basis 
is called (j>-hasis. The following lemma will be useful for the latter case. 
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Lemma 2. Let (Af"^, 0,^, 77, 5) be an almost a-cosymplectic manifold. Then for the 
covariant derivative on U the following equations are valid 

V^e = —a4>e, V^(/)e = ae, 

VeC = ae — \4>e, V^e^ = — Ae + a(j)e, 

VeB = b4>e — a^, V (jje4>e = ce — a^, 

'S/e4>e — —be + A^, V^e^ = — c0e + A^, 

where a is a smooth function, b ~ .g(Vee, (f>e) and c = g(S/,f,e(j)e, e) defined by 
b = ^ [(0e)(A) + (7(e)] , a(e) = 5(^, e) = g(ge, e), 

and 

c = ^ [e(A) + a(0e)] , a(0e) = 5(C, 0e) = .g(Q^, ./)e), 
respeciiweZj/. 
Proof. Replacing X by e and (j)e in Eq. (j2.2p . respectively, we find 



VeC = — 0:0 e — 0/ie, V^eC = —aip e — (jihcfie, 

— ae — ar]{e)£, + h<f)e, = acfie — he, 

= ae — \(j)e, = acjje — Ae, 

for any vector field X. Also, we have 

V^e = g{W^e,e)e + g{V^e,<j>e)<j>e + g{V^e,£,)£, 
= -.9(e, V^(l)e)(j)e, 

where a is defined hy a ~ g{e,'\/^(j)e). So V^e is obtained by the formula V^e — 
—acjje. Following this procedure, the other covariant derivative equalities can easily 
find. We recall that the curvature tensor 3— dimensional Riemannian manifold is 
given by 

R{X, Y)Z = -S{X, Z)Y + S{Y, Z)X - g{X, Z)QY 
^ ' +g{Y, Z)QX + §[g(X, Z)Y - 5(y, Z)X], 

with the dimensionalthree case, for any vector fields X, Y, Z. Putting X — e,Y — ipe 
and Z — ^ in the last equation, we obtain 

R{e, (/)e)^ = ~g{Qe, S,)(l)e + ^(Q^e, (,)e. 

Since (j{X) = g{Q£,, X), we have 

(5.2) i?(e, (?!)e)^ = -cr(e)(/)e + cr((/)e)e, 

for any vector field X . By using the curvature properties of the Riemannian tensor, 
we also have 

R{e,<j>e)^ = (V0e0/i)e - (Ve(/)/i)0e, 

(5.3) ^ (2Ac-e(A))e+(-2A6+((/)e)(A))0e. 

In this case, combining (|5.2I) and (|5.3I) . we deduce that 

a{e) = 2Xb - (0e)(A), a{(j)e) = 2Ac - e(A). 
Hence, the functions b and c are obtained by the above relations. D 
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Proposition 12. Let {M^,(l>,^,r],g) be an almost a-cosymplectic manifold. On U 
the following relation is true: 

(5.4) V^/i = 2a/i</- + C(A)s, 

where s is the tensor field of type (1, 1) defined by s^ = 0, se = e and s<j)e — ~<j)e. 

Proof. First, we check the tensor field h which differentiating along ^. In that case, 
we have 

(V^/i)e = -2Xa(f>e + ^(A)e, {V^h)(f)e = -2Xae - CW(f>e. 

In addition, we also have (V^ft.)^ = 0. Then we obtain (|5.4p with the help of the 
last equations. It is clear that tr{s) = 0. D 

Remark 4. Since h = on the open subset U' , we have ^(A)s = V^ft, = 0. 

Proposition 13. Let {M^,(f),^,r], g) be an almost a-cosymplectic manifold. Then 
the integral submanifold of the distribution T) on M^ has Kaehlerian structures if 
and only if the following relation is true 

{Vx4>)y = 9{a(t>X + hX, Y)i - ri{Y){a4)X + hX), 

for arbitrary vector fields X,Y on M^ . 

Proof. The 3- form r/ A $ is equal to the volume element of M^ . Since every volume 
element is constant, it gives Vxiv A $) = 0, for any vector field X. By the means 
of this equation, we obtain 

= {Vxv)iY)HZ,W) +r^{Y){VxmZ,W) 

+ {\7xv){ZMW,Y) + f^{Z){VxmW,Y) 

+ {^xv){WMY, Z) + r^{W){\7x^){Y, Z). 

Setting ^ instead of W in the last equation, we have 

(5.5) (Va-$)(^, Y) = -rj{Z){Vx'^)(Y, + viYK^^x^Z, 0- 
In view of Eq. ()5.5p . we deduce that 

g{Z, (Vx0)r) - g{Z, g{(f>Vx^, Y)^ ~ r^{Y)4>VxO, 
which yields 

(Vx0)r = g{(f>Vx^, Y)^ - v{Y)(P\7x^, 
for arbitrary vector fields X and Y. D 

Proposition 14. Let (Af'^, </>, f, 77, t;) be an almost a-cosymplectic manifold. Then 
the following relation is satisfied on M^. 

(5.6) /,2_^2^2^^^2^ 

Proof By using (I^Ji)) . we get tr{l) = -2 [a^ + A^] , for aU vector fields on AP. Be- 
sides, we calculate the statement of K^ — a^(j) with respect to the basis components, 
then wc obtain that 

u2 2i2 tfU-J 12 7.2/ 2/3 ^''(0/2/ 

n e — a (p e — (p e, n cpe — a (p e — cp 0e. 

tr(l) 
Also, it has been obviously seen that h^S, — a^ip'^^ — (f> ^ = 0. These equations 

completes the proof of Eq. (|5.6p . D 
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Lemma 3. Let {M^,(l),^,r/,g) be an almost a-cosymplectic manifold. Then the 
Ricci operator Q satisfies the relation 

(5.7) Q = al + bri®S, + 2a(t)h + (l){V^h)~a{(j?)®S, 

+a{e)ri 6 + cr(0e)?7 ® 0e, 

where a and b are smooth functions defined by a = ^r + a^ + A and b — ~\r — 
3a^ — 3A , respectively. 

Proof. For S-dimensional case, we deduce that 

IX = tr{l)X - S{X, Oi + QX- 'n{X)Qi -\(x- v{X)0 , 

for any vector field X. The above equation implies 

QX = a^(t)^X + 2a(t>hX - h'^X + 0(V^/i)X - tr{l)X 

-Six, oe + vix)Q( + ^ (^ - ^(^)^) ■ 

Otherwise, since S{X,^) = -5((/)^X,^) +r]{X)tr{l), we have 

tr(l) 

(5.8) QX = ^-!-(j)^X + 2a(j}hX + (l}{V^h)X -tr{l)X 

~S{^^X, C)C + v{X)tr{l)^ + T^{X)Qi - ^02^. 

Thus it is clear that Q^ — a{e)e + a{(l)e)(l)e + tr{l)£^. Acting the last equation in Eq. 
|), we obtain 



QX = 



^r + a' + X' 



X 

2 

2 



—r — ia^ — iX^ 



V{X)^ 



+2a4)hX + 0(V^/i)X - S'(r X, C)S. 
+ri{X)a{e)e + r]{X)a{(t)e)<j)e, 

for arbitrary vector field X. Therefore, we find the functions a and b mentioned in 
Eq. dSJl). D 



Theorem 7. Let {M^ ,(j),^,ri,g) be an almost a-cosymplectic manifold. Lf a = 0, 
then the {k, ^,v)- structure always exists on every open and dense subset of M^ . 

Proof. Substituting cr = and s — -rh ix\ Eq. (j5.7p we deduce 

(5.9) Q^al + br]®i + 2ah+{2a+^^)(t)h, 

A 

which yields 

(5.10) ge = tr{l)i, 

for any vector fields on M^ . Setting ^ instead of Z in Eq. (|5.1I) we obtain 

R{X, Y)^ = -Six, OY + S{Y, OX + v(Y)QX 
^ ' -v{X)QY - ^^MY)X - rj{X)Y], 

and replacing X by ^ , then we find Q^ = tr{l). So the last equation shows that 

(5.12) SiY,0^tril)rjiY), 
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for any vector field Y. Thus by virtue of Eqs. ()5.9|) ()5.10|) and (|5.12|) . we get 

RiX,Y)^ = - {a^ + X^) i7^iY)X - 7^{X)Y) 
+2a{T]{Y)hX - r]{X)hY) 

+ (2a + ^){^{Y)^hX - v{X)c^hY), 

where the functions k, fj, and v defined by k = , /i = 2a and ly = 2a -\ r — , 

A 
respectively and it completes the proof of the Theorem. D 

Corollary 2. By using Eq. CT5M) for 3-dimensional {n — 1), we have 

Q(t)-(t)Q^ 2^h(j) + 2vh. 

Now, we investigate the inversion of the above corollary on the three dimensional 
almost a-cosymplectic manifolds. 

Theorem 8. Let {M^ ,(j),^,ri,g) he an almost a-cosymplectic manifold. If the fol- 
lowing relation is satisfied 

(5.13) Q<j) - c^Q = hh<f> + f2h, 

then the manifold (M'^ ,(f),^,ri, g) is an almost a-cosymplectic {k, ^,v)- space, where 
the functions /i , /2 G C°° . 

Proof. Considering the equations (|2.10p and ()5.1I )we have 

, . a^(j)'^X + 2a(t)hX - K^X + (/)(V^/i)X 

^ ' ^QX- 2tr{l)i^{X)^ + tr{l)X - § (X - tj{X)0 . 

Applying both two sides of Eq. (|5.14p , we get that 

(5.15) - a'^(t>X - (tih^X ~ 2ahX - {V^h)X = (j)QX + tr{l)(j)X - ^(j)X. 

On the other hand, replacing X by (j)X in Eq. (I5.15p . we find 

-a^(t)X + 2ahX - h^cjjX + {V^h)X 
^^■^^^ ^Q(l)X + tr{l)cj)X-^(PX, 

with the help of (t){V^h)(j)X = ~(t)'^{V^h)X. Combining Eqs. ((5?T5]) and ([5T6| we 
deduce 

Q(t)X + 0QX = -2 [a^(t) + cj)h^] X - 2tr{l)4>X + r0X. 
Then substituting Eq. (j5.6p in the last equation and using Eq. (|5.13p . we obtain 

Q(t)X + 4)QX = -tr{l)(t>X + r4)X. 
By virtue of Eqs. (I5.15P (|5.16p and (|5.13p . we also obtain that 

(5.17) {V^h)X = ]^fih^X + i(/2 - Aa)hX. 
Using Eq. (jSTfl) in Eq. (ISTTl) . we have 

(5.18) QX = hX + bT]{X)^ + 2a(f>hX + -fihX + -(/a - 4a)#X, 
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for cr = 0. Finally, substituting Eq. ()5.18|) in Eq. (|5.11|) . we deduce 

R{X,Y)^ = {tr{l)+a-^)[rj{Y)X-MX)Y] + ^h[rj{Y)hX-f^{X)hY] 
+ \h HY)c^hX - T^{X)c^hY] , 
where a = -^f + ci^ + X . Thus this shows that {M^ ^ (f), ^, f], g) is a {k, ii, i^)-space. D 

An interesting question is, Do there exist almost a-cosymplectic manifolds satis- 
fying ()1.2p with K, /i non-constant smooth functions? Now, we construct an example 
in order to answer this question for the three dimensional case. 

Example 1. Consider the three dimensional manifold 

where {x,y,z) are the Cartesian coordinates in M'^. We define three vector fields on 

M as 

d , d 

ox oy 

d d 

+ [xiz - e-^"^'-) + ay] -7^ + ^, 
oy oz 

where a is a real number. We easily get 

[e,4>e] = 0, 

[e,^] — ae + {z — e^^"^)(j)e, 

{(j)e,^] = -{e-^""" +z)e + a(j)e. 

Moreover, the matrice form of the metric tensor g, the tensor fields (j) and h are 
given by 

' 1 -d 
ff= I 1 -k 

-d -k l + d'^ + fc2 



h = 



where 

d — ax ~ y(e^^"^ + z), 
k ~ x{z — e^"^"-^) + ay . 

Let T] be the 1-form defined by rj = kidx -\- k2dy + k^dz for all vector fields on 
M^ . Since r]{X) = g{X,£^), we can easily obtain that rj{e) = 0, r]{(f)e) = and 
7y(^) = 1. By using these equations, we get rj — dz for all vector fields. Since 
dri = d{dz) = d^z, we obtain drj — 0. Using KoszuVs formula , we have seen that 
d<^ = 2arj A $. Hence, it has been showed that M^ is an almost a-cosymplectic 
manifold. Thus we obtain 

R{X, Y)i = -(e~4"^ + a^) [v{Y)X - ri{X)Y] + 2z [ji{Y)hX - yi{X)hY] , 

where k = — (e^^"^ + a^) and ji = 2z. 




g-2. 





-de-2- 





_g-2. 


fce-2- 












24 HAKAN OZTURK, NESIP AKTAN AND CENGIZHAN MURATHAN 



[1 

[2; 

[s; 

[4; 

[s; 

[6; 

[7; 
[s; 

[lo; 

[11 
[12; 
[is; 

[14 

[is; 
[16; 
[17; 



References 

T. W. Kim, H. K. Pak, Canonical foliations of certain classes of almost contact metric struc- 
tures, Acta Math. Sinica, Eng. Ser. Aug., 21, 4 (2005), 841-846. 

G. Dileo, A. M. Pastore, Almost Kenmotsu manifolds and local symmetry, Bull. Belg. Math. 
Soc. Simon Stevin, 14 (2007), 343-354. 

E. Boeckx, J. T. Cho, rj-parallel contact metric spaces. Differential geometry and its applica- 
tions, 22 (2005), 275-285. 

D. E., Blair, Riemannian geometry of contact and symplectic manifolds. Progress in Mathe- 
matics, 203. Birkhauser Boston, Inc., Boston, MA, (2002). 

I. Vaisman, Conformal changes of almost contact metric manifolds. Lecture Notes in Math., 

Berlin-Heidelberg-New York, 792 (1980), 435-443. 

K. Kenmotsu, A class of contact Riemannian manifold, Tohoku Math. Journal, 24 (1972), 

93-103. 

Z. Olszak, Locally conformal almost cosymplectic manifolds. Coll. Math., 57 (1989), 73—87. 

K. Yano, M. Kon, Structures on manifolds. Series in Pure Mathematics, 3. World Scientific 

Publishing Co., Singapore, (1984). 

A. Ghosh, R. Sharma, J. T. Cho, Contact metric manifolds with jy-parallel torsion tensor, 

Ann. Glob. Anal. Geom., DOI 10.1007/sl0455-008-9112-l., (2008). 

T. W. Kim, H. K. Pak, Criticality of characteristic vector fields on almost cosymplectic 

manifolds, J. Korean Math. Soc, 44, 3, (2007), 605-613. 

P. Dacko and Z. Olszak, On almost cosymplectic (— 1, /i, 0)-spaces. Cent. Eur. J. Math. 3 

(2005), no. 2, 318-330 . 

P. Dacko and Z. Olszak, On conformally flat almost cosymplectic manifolds with Keahlerian 

leaves. Rend. Sem. Mat. Univ. Pol. Torino, Vol. 56, 1(1998), 89-103. 

G. Dileo, A. M. Pastore, Almost Kenmotsu manifolds with a condition of »;-parallelism. 

Differential Geometry and its Applications, 27 (2009) 671-679. 

G. Dileo, A. M. Pastore, Almost Kenmotsu Manifolds and Nullity Distributions, J. Geom. 

93 (2009), 46-61. 

E. Boeckx. A full classification of contact metric (K,^)-spaces, Illinois J. Math., 44(1), 2000, 
212-219. 

D. E. Blair, T. Koufogiorgos and B. J. Papantoniou, Contact metric manifolds satisfying a 

nullity condition, Israel J. Math., 91(1995), 189-214. 

P. Dacko , Z. Olszak. On almost cosymplectic (k, ii,u)-spaces, Banach Center Publ., 69, 

2005,211-220. 



(Hakan Oztiirk and Nesip Aktan) Afyonkarahisar Kocatepe University, Faculty of Art 
AND Sciences, Department of Mathematics, Afyonkarahisar/TURKEY 
E-mail address: hozturkSaku . edu . tr , naktanOaku. edu.tr 

(Cengizhan Murathan) Uludag University, Faculty of Art and Sciences, Department 
OF Mathematics, Bursa /TURKEY 

E-mail address: cengizSuludag. edu.tr 



